ELEMENTARY TRANSFORMATIONS OF PFAFFIAN 
REPRESENTATIONS OF PLANE CURVES 



ANITA BUCKLEY 



Abstract. Let C be a smooth curve in given by an equation _F = of degree 
d. In this paper we consider elementary transformations of linear pfafRan rep- 
resentations of C. Elementary transformations can be interpreted as actions on 
a rank 2 vector bundle on C with canonical determinant and no sections, which 
corresponds to the cokernel of a pfafEan representation. Every two pfafBan rep- 
resentations of C can be bridged by a finite sequence of elementary transforma- 
tions. PfafRan representations and elementary transformations are constructed 
explicitly. For a smooth quartic, applications to Aronhold bundles and theta 
characteristics are given. 



1. Introduction 

Let k be an algebraically closed field and C a nonsingular curve defined by an ir- 
reducible polynomial F(xo, xi, X2) of degree d in P^. A linear pfaffian representation 
of C is a 2ci X 2d skew-symmetric matrix 






L12 


Ll3 • 


• Li2d 


—L12 





L23 • 


■ L22d 


—Li3 


—L23 
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with linear forms Lij = a'-jXo + ajjXi + afjX2 such that 

Pi A{xq,xi,X2) = cF{xo,xi,X2) for some c£k,Cy^O. 

Its cokernel is a rank 2 vector bundle on C. Throughout the paper we equate the 
notion of vector bundles and locally free sheaves. 

Two pfaffian representations A and A' are equivalent if there exists X € GL2d(fc) 
such that 

A' = XAXK 

There is a one to one correspondence between linear pfaffian representations (up 
to equivalence) of C and rank 2 vector bundles (up to isomorphism) on C with 
certain properties. This well known result is summed up in the following theorem 
of Beauville [3, Corollary 2.4]. 

Theorem 1.1. Let C he a smooth plane curve defined by a polynomial F of degree d 
and let £ be a rank 2 bundle on C with determinant Oc{d—l) and H^{C, £'(—!)) = 0. 
Then there exists a 2d x 2d skew- symmetric linear matrix A with Pi A = F and an 
exact sequence 

2d 2d 
(1) Op2 (-1) ^ Op2 ^ ^ ^ 0. 
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Conversely, let A be a linear skew-symmetric 2d x 2d matrix with Pi A = F . Then 
its cokernel is a a rank 2 bundle with det£: ^ Oc{d-l) and £"(-!)) = 0. 

Using this, in [5j all linear pfaffian representations of C (up to equivalence) were 
found and related to the moduli space Mc{2, Kc) of semistable rank 2 vector bundles 
on C with canonical determinant. In particular, pfaffian representations of C can 
be parametrised by the open set Mc{2, Kc) — {fC : /i°(C, /C) > 0}. The properties 
of the moduli space were extensively studied in [18], [22] and [21]; for example it is 
an irreducible, normal projective variety and for C of genus g > 2 it has dimension 
3(9-1). 

Study of pfaffian representations is strongly related to and motivated by determi- 
nantal representations. A linear determinantal representation of C is a d x d matrix 
M{x(),xi,X2) of linear forms such that 

det M(xo, xi, X2) = cF(xo, xi, X2) for some cGk,c^O. 

Determinantal representations M and M' are equivalent if there exists X,Y 
GLrf(fe) such that 

M' = XMY. 

By |25j all linear determinantal representations of C (up to equivalence) can be 
parametrised by the open set in the Jacobian variety 

{line bundle £: deg£ = ^d{d - 3), h°{C,C) = 0}. 

Determinantal representations can be seen as a special case of pfaffian represen- 
tations. Indeed, every determinantal representation M induces a decomposable 
pfaffian representation 



(2) 







M 




The corresponding cokernel equals Coker M © (Coker~^ M 0{d — 1)) as described 
in [5] and [7]. In the moduli space, decomposable pfaffian representations correspond 
to an open subset of the singular locus of Mc{2, Kc)- Note that the equivalence 
relation is also well defined since 






XMY ■ 




" X 










M ■ 
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Elementary transformations of determinantal representations were introduced by 
M. S. Livsic and Kravitsky in operator theory. Vinnikov et al generalised these 
ideas in [23], [2] using notions of vessels and Cauchy kernels. An explicit and com- 
plete description of elementary transformations of determinantal representations 
can be found in [23]. Elementary transformations of vector bundles are due to 
Maruyama [16]. For a modern exposition and proofs we refer to Abe [Ij. The most 
traditional example of elementary transformations is that of ruled surfaces (i.e., of 
rank 2 bundles). A good reference on ruled surfaces is lllj, Chapter V. 2]. 

Throughout the paper we will be using the following properties of the wedge 
product. It is well known that /\^ k'^'^ can be identified with 2d x 2d skew-symmetric 
matrices. Let Q,n denote the set of vectors X^ILi ^« ""^i ™ A ^^^) where 
dim{i(;i, . . . ,Wn,w[, . . . ,w'^} = 2n. Elements of Qn are said to have irreducible length 
n since they can be written as a sum of n and not less than n pure nonzero products. 
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In [26] it is shown that r2„ is isomorphic to the set of ah rank 2n skew-symmetric 
matrices. The isomorphism equals 

2d 2d 2d 

(3) ^aiCj A '^PjCj ^ '^{oifdj - ajPi){Eij - Eji), 

i=l j=l i,j=l 

where {ei, . . . , e2d} is the standard basis for k'^'^ and {Eij} is the standard basis for 
2d X 2d matrices. Note that these are the Pliicker coordinates in Gr{2,2d). 

A brief outhne of the paper is the following. In section[2]we present pfaffian repre- 
sentations in canonical forms. This enables us to write an algorithm which computes 
all the pfaffian representations of C and thus gives a description of Mc{2, Kq)- For 
suitable choices of vectors in the cokernel bundles discussed in Section [3l we define 
elementary transformations of pfaffian representations in Section [H In Section [6] 
elementary transformations of pfaffian representations are related to elementary 
transformations of vector bundles. The main Theorem 17.31 in Section [7] proves that 
any two pfaffian representations can be bridged by a finite sequence of elementary 
transformations of Type I and II. In other words, we can explicitly construct all 
pfaffian representations of C from a given one (for example, from a decomposable 
representation with symmetric blocks induced by one of the 2^~^{2P + 1) even theta 
characteristics). Section [8] is an exposition on plane quartics. Concrete examples 
and algorithms for computing Aronhold bundles and theta characteristics are given. 



2. The Canonical Form 



Canonical forms play an important role in explicit descriptions of the moduli 
space Mc(2, Kc\ In the sequel we outline an algorithm for such computation. 

Let A = xqAq + X2A2 + X2A2 be a representation of C. We can always assume 
that after a projective change of coordinates C intersects the line L : xq = in 
distinct points Pi = (pi, 1, 0), . . . , = {pd, 1, 0). We will prove that A is equivalent 
to a representation in the canonical form. 

Proposition 2.1. For every pfaffian representation A of C there exists a basis of 
k'^'^ in which A has the canonical form 



(4) 



where 



A = Xi 



/ 
/ 





X2 



Di 
D2 










+ XqAq 



1 
-1 



and Di 



Pi 
-Pi 



(pi, 1,0) be d distinct points in the intersection F{xq,xi,X2) 
- 0. By restricting to L, we obtain the pencil of skew- 



Proof. As above, let Pi - 
with the line L : xq 
symmetric matrices 

Al = xiAi + X2A2 

with Pf = F\l = F{0,xi,X2) = Y[i=ii^'^ ~PiX2)- Since all the matrices in the 
representation are skew-symmetric, Coker A and Ker A define the same rank 2 vector 
bundle £. Note that £{Pi) is the kernel of piAi + A2. Thus £{Pi), i = 1, . . . ,d are 
2-dimensional subspaces in k'^'^. In the proof of [5l Proposition 3.4] we showed that 
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h^{C,£{—l)) = implies the following important fact: the union of bases of the 
vector spaces £{Pi) span the whole space k'^'^. In this basis Aj^ is equivalent to 



J 



where 



Ji 



Ji 
Ja 




-Xi +PiX2 






Jd 



Xl - PiX2 





No 2x2 block Jj is identically equal to 0, otherwise the rank of A at Pj would be 
at most 2d- 4. □ 

Let ^ be a representation of C and £ its cokernel. Choose the basis of fc^*^ 

uf^i {2-dimensional basis of £{Pi)} ■ 

and denote by P G Gh{2d,k) the change of basis matrix. Then P acts on the 
representation by A i— > PAP^. Thus A is equivalent to a representation in the 
canonical form by Proposition 12. li 

In [5] we established a one to one correspondence between the pfaffian represen- 
tations (up to equivalence) of C and the open set 



(5) 



Mci2,Kc)-{}C : /i°(C7,/C) >0}. 



It thus suffices to find all pfaffian representations of C in the canonical form, which 
will yield a set of equations describing the open subset ([5]) in the moduli space. 

There are d{2d — 1) parameters in the representation namely the entries of 
the 2d X 2d skew-symmetric matrix Aq = [a^^]. Since Pf A equals F, we get ^d{d+ 1) 

relations among a-,. Indeed, every monomial 7^ 0, a+P+'j = din F gives 

one equation. By the implicit function theorem we are left with (i(2d-l)-id(d-M) = 

— 1) parameters a'-j. 
the action 



Recall that pfaffian representations are equivalent under 



A ^ RAR\ R £ GL{2d,k). 

By a suitable R we can further reduce the number of parameters in Aq. Of course 
we only consider R whose action preserves the canonical form. This way we will 
reduce the number of equivalent representations in each equivalence class to 1. The 
following lemma is an elementary exercise in linear algebra. 

Lemma 2.2. The action A R A R'' preserves the canonical form of the first two 
matrices in the representation if and only if R equals 

Ri ••• 

P2 







Rd 



where every Ri is an invertible 2x2 matrix with determinant 1. 
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Matrix R in Lemma 


RAq i?* 



acts on the third matrix in the representation by 



Rj 



2j-l,2i-l 




a 



2i,2j-l 



2j-l,27 
2i,2j 







l,...,d. 



In other words, view Aq as d x d matrix of 2 x 2 blocks. Then R acts on i,j—th 
block by * I— > i?j * Ry In every Ri we have a choice of 3 independent parameters 
since its determinant is 1. Thus each Ri reduces the number of a^j's by 3. 

For a general F{xq, xi, X2) this sequence of reductions can be performed explicitly. 
We are left with 

3(5 - 1) = - 3) = 

d{2d — 1) [number of parameters a^j in A in the canonical form] — 
^d{d + 1) [relations since Pf A = F]- 

3d [parameters reduced by the action of equivalence relation R - A ■ i?*] 

independent variables a^^. As expected, this represents the open subset ([5]) of the 
moduli space in p'i(2rf-i)-i_ 

Remark 2.3. In the above considerations we could take any other canonical form 
of the matrix pair Ai,A2- For example, the equivalence relation action Q AQ^ of 
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brings the first two matrices 


in 


into 








(6) 





Id ■ 







D ' 


-Id 







-D 






where D is the diagonal matrix {pi, ■ ■ ■ ,Pd}- This canonical form is particularly 
useful since it naturally includes all the decomposable representations ([2]). The 
same canonical form was obtained in [12] , where canonical forms for matrix pairs 
were classified purely by the methods of linear algebra. 



3. Tangents 

In this section we explain how tangents or lines through two points X, fi on C can 
be read from pfaffian representations. Moreover, for any pfaffian representation A 
we relate vectors in Cokeryl(A) and Coker A(^). 

Since our aim is to do concrete calculations, we describe the correspondence in 
Theorem O exphcitly: Denote by Pf*^' A the pfaffian of the {2d - 2) x {2d - 2) 
skew-symmetric matrix obtained by removing the ith and j'th rows and columns 
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from A. It is easy to prove the following analogue of the Jacobi's formula for the 
derivative of determinants: 

(7) ^^^X''""'^ = (-^r^'P^''Mxo,x,,X2). 

id 

If for some x = (xo,xi,X2) € C all 2(i — 2 pfaffian minors vanish, then x must be 
a singular point of F. By our assumption F is smooth, thus rankj4(3;) > 2d — 2 
for all X G C. Rank of skew-symmetric matrices is even and det A = F^ = 0, thus 
equality holds. Therefore Coker defines a rank 2 bundle over C. Define the 
pfaffian adjoint of A to be the skew-symmetric matrix 





A 





Again, by analogy with determinants, the following holds 
(8) AA = PiAld2d- 

More properties and linear algebra of pfaffians can be found in [10, Appendix D]. 

Since Pf^ = cF, the cokernel can be obtained from A by using Indeed, for 
any point x C every column (or row) of A{x) is in Cokerj4(x). Since A{x) is a 
skew-symmetric matrix with linear entries, we have 

Coker^(a;) ^ Ker^(x) 

which we denote by S{x). We will often view f as a P^-bundle, or equivalently as a 
ruled surface Pf . 

Lemma 3.1. Every representation of C yields tangents and lines through X, fi C 
in the following way: 

Let v\ G <?(A), Ufj, € SifJ-) be independent vectors. Then n* is either 



identically or defines a line through A and /i. 

• Let Cin{ux,vx} = £{\). Then ul^A(x)vx = is an equation of the tangent 
line at X G C. 

• Analogously, for £in{?i^,f^} = £{fj-) the equation ujj^A{x)v^ = defines the 
tangent at ji G C . 

Proof. The first assertion is obvious as u*^A{x)v\ is linear and equals at the points 
A = (Ao, Ai,A2) and p. = (^o,W,/"2)- 

By ([8]), j4 is a rank 2 skew-symmetric matrix at the points of C. Using the Pliicker 
coordinates in (l3|) , «a A equals to a multiple of A{X). Then by ([7]) 

k=0 k=0 i,j 



^(a°.xo + aj^xi + a%X2) (-1)^+^' Pf^^' A{X) 



Trace 



\a{x) ■ i(A) 



which equals to a nonzero multiple of Trace [^(x) • {u\ f\v\)\ = 2 u!'y^A{x)v\. In 
particular we proved that u^A(x)ua is not identically 0. 

The same way we obtain the tangent to C at /u. □ 
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£{x) can be viewed as pairs of independent vectors [tta;,t'x] modulo right-hand- 
side multiphcations by invertible 2x2 matrices. Then T,T' G GL(2,A;) can be 
chosen so that 



T[ux,vxYA{x)[Uf,,Vf,] r 



u{A{x)Uf, 
v{A{x)u^ 



u{A{x)Vf, 
v{A{x)v^ 



equals either 



F{x) 








F{x) 




1 



or F{x) 



1 

1 



This enables us to relate points on C. A distinct pair of points A, /i on C with 
respect to representation A{x) is either: 

• inadmissible if uj^A{x)vx = on for all vx € 'P£{X), G F£{fi); 

• semiadmissible if there exists a unique pair of vectors ux G P£^(A), G 
P£^(/i) such that wjj^A{x)ux = and u^^A{x)wx = for all wx G P^(A), G 

• admissible if for every vx G P£'(A) there exists exactly one G P£^(^) for 
which v''^A{x)vx = on the whole P'^. 

For admissible A, we thus obtain a one to one correspondence between vectors 
in P£^(A) and P£'(/u). Namely, vx corresponds to iff vj^A{x)vx = 0. Consider 
next a semiadmissible pair A,/i G C and vx G ¥£{X), G ¥£{fi). We claim that 
vj^A{x)vx = if and only if either vx = ux or = n^. Indeed, assume that 
^^A 7^ ^'A) then by linearity vj^A{x)wx = for any wx G Cin{vx,ux} = £{X). Thus 
by uniqueness in the definition = u^. 
In the proof of Lemma 13.11 we showed 

Corollary 3.2. A bitangent line through X, fi & C is defined by either u''^A{x)vx, 
u''^A{x)vx orul^A{x)v^. 

Corollary 3.3. Let ux,vx G P£'(A). Then u*^A{x)vx = if and only if ux = vx- 
This means that A, A can be always considered as an admissible pair of points on 

C. 



4. Elementary Transformations 

In this section we define elementary transformations of pfaffian representations of 
the curve C : F(xo, xi, X2) = in P^, which is not necessarily smooth or irreducible. 
The standard notation of vessels [2] will be used. 

Choose the coordinates of F so that the line {xq = 0} and the curve intersect in d 
distinct smooth points. For the sake of clearer notation we move to the affine plane. 
Consider a linear pfaffian representation 

Pf(yi(T2 - y20"i +7) = c/(yi,y2) c ^ 0, 

where yi = |i, yi = 2i are the affine coordinates /(yi,y2) = F{l,yi,y2) and 
'7i,C2)7 are 2d x 2d skew-symmetric matrices. Denote 

Coker(7/i(T2 - ^20-1 + 7) - Ker(yi(j2 - y2<7i + 7) 



by £{yi,y2)- 
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Pick distinct regular affine points A = (Ai,A2) and = (111,112) on C. Then each 
£^(A), £{i^) is a 2 dimensional vector space in fc^*^. For all vx G ^(A), tt^ G £{i^) 

/gN (Al<T2 - A2(Tl + -f)vx = 

and 

/-j^QN (yio-2 - 2/20-1 + l)vx = {{yi - Ai)(T2 - (j/2 - A2)cri)t;A 

{yio-2 - y2(7i + l)u,j, = {{yi - Hi)a2 - {y2 - 1^2)0-1) U/j, 

hold. Thus 

(11) 'yi(Ai(72 - A2(7i + 7)u^ = and vl{fiia2 - H2(r\ + j)ui^ = 0, 
which implies 

(Ai - lJ-i)v{a2U^ = (A2 - l^2)vicriu^. 
In other words, for any pair of complex parameters ti,t2, 

is constant whenever the denominator is nonzero. Denote this constant by K^^u^- 

The pair of vectors vx G £{X)-, G ^^(a*) is called admissible if K^^^^ is not 0. 
Define 

7 = 7 + ^^^ — {cFi{uij,v\ + vxv!'^)(T2- cr2{u^vxt + vxu*f,)cfi) 

= 7 + + ^A'"^)o-2 - ((^iC^i^i^'l + ^A«^)<^2)*) , 

and 

7 = 7 + 2/9 (c7i-Ua«A'^2 - Cr2VxVxt(Ji) 

= 7 + 2p ((Ti-UAf 10-2 - icrivxvxcr2y) , 

where u^v\, vxu^^ and fA^'A ^'^^ rank 1 matrices and p is an arbitrary constant. It 
is obvious that 7 = —7* and 7 = —7* are skew-symmetric. 

In the sequel the following properties of the wedge product will be useful: for any 
skew-symmetric matrix a and vectors w,v holds {awY = —w^a, w^av = —v^uw and 
w Av = 2{wv^ — vv/). 

Using the above, 7 rewrites into 

1 1 

(13) 7 = 7- TTJ? <^1'"m ^ ^2^^A + TTJ? '^2U^ A GiVx 

and 7 rewrites into 

(14) 7 = 7 + P o-2fA Ao-i^A. 

Theorem 4.1. Let yia2—y20'i+'y be a representation ofC and £{yi,y2) its cokernel. 
Choose Vx G ^(-^)) Ufj, G £{fJ') such that K^^u^ ^ 0. Then 7/1(72 — y2Ci -I- 7 and 
yio'2 — y2Ci -|- 7 are pfaffian representations of C since 

Pf(yi(72 - 2/20-1 + 7) = Pf(yiO-2 - 7/20-1 + 7) = Pf(yiO-2 - 2/20-1 7). 
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Proof. For any T and skew-symmetric S holds 

pf(rs'r*) = detr Pfs 

by [lOj Appendix D]. Recall also that for any two square matrices T',T" 

det(Id+r'T") = det(Id +T"T'). 

Therefore proving the equality 
(15) 

T 1 , (iio-i+t20-2)npD* \ , s ( vxu^ {tiai+t2(72) 



(tia-i+t2(T2)v\ul, \ , rr _l_ o,^ ( ^A J U^v\(tiai+t2<J2) 



K,^u^{t^{yi-\i)+t2{y2-\2)) ) iyi^2 - y2f^l + 7J + K,^u^{t^{yi-\i)+t2{y2~\2)) 



will imply the first statement. (jlSp equals 

1 / I ^ A tiai+ 12(72 

yio-2 - 2/20-1 + 7 + — (2/10-2 - 2/20-1 + j)vx A 



2i^..«/"^^ ' ti(2/i-Ai)+t2(2/2-A2)^'^ 



1 / ~x ^lO-l + f20-2 

7 (2/: - 

From (|12|) we obtain that 



2/10-2 - 2/20-1 + 7 - ttt:; (2/10-2 - 2/20-1 + 7)n^ A — . . , . t-^^^a- 

2i^i>A«M *uyi - Ai) + t2(2/2 - A2) 



2K 



{aiu^ A a2V\ - a2U^ A aivx) 



u,. 



— (o-iu^f^o-2 - o-2Wa'u^o-i - a2Uf,v{ai + o-iWAU^o-2) 
{aiUfj, v{a2Ufj_ - a2U^ v\aiu^) = (A2 - /i2)o-in/, - (Ai - /ii)fT2n^. 



K 

Analogously 
1 



{aiu^ A (j2fA - 0-2^^ A aiVx) vx = (A2 - ^2)0-1^ a - (Ai - Mi)o-2t^A- 



2K 

Together with (jlOp this implies 

Qg^, (Aio-2 - A20-1 + 7)u^ = 

(Mio-2 - ^20-1 + 7)-UA = 

and 

(2/1 0-2 - 2/20-1 + 7)wa = ((2/1 - /^i)o-2 - (2/2 - ^2)o-i)va 
(2/10-2 - 2/20-1 + 7)u^ = ((2/1 - Ai)fT2 - (2/2 - A2)o-i) 

In other words, G ^(A) and vx € £'(^), where £{yi, 2/2) = Coker(yi(72 — 2/20-1 +7)- 
Now it is easy to verify that 

2/1 - Ai)o-2 - 2/2 - A2 0-1 A — ^ f TT^M = 

hivi - Ai) + ^2(2/2 - A2) 

-aiUfj_ A cr2VA + 0-2^^ A aivx- 

((yi - Ai)cr2 - (2/2 - A2)o-i)u^ A — t w ^ TT^^- 

*i(2/i - Ai) + t2(2/2 - A2) 

which together with (jlOp and (jl7p finishes the proof of (jlSp . 
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The second statement will be proved if we show 
(18) 

(yio"2 - y2cri + 7) 
yi(T2 - 2/2^1 + 7-P (yias - ^2^1 + 7)fA A i7(^7^i^)Tlfe^^^- 

Note that 

{a2Vx A o-it;A) i-a = 

{-(T2Vxv{ai + (Ti?7AwifT2) Wa = 

implies 

(19) (A1CJ2 - A2Cri + 7)f A = 

(yiO-2 - y20-l + 7)^'A = ((yi - Ai)cr2 - (y2 - A2)cri)vA. 

This means that vx £ (A), where £{yi, 2/2) denotes the cokernel of yicr2 — y2(^i + 7- 
The above and the obvious equality 

-cr2?^A A aivx = 

-((yi - Ai)cj2 - (y2 - A2)cti)^;a A — t l^T TT^^' 

hiyi - Ai) + ^2(^2 - A2) 



finish the proof of (jlSp . □ 

By performing elementary transformations of yiO"2 — y20"i+7, we constructed new 
pfaffian representations of C: 

Definition 4.2. The Type I elementary transformation yio'2 — y2<^i + 7 based on 
the admissible vectors vx € '£^(A), G '^(/w). 

The Type // elementary transformation yia2 — y2^i +7 based on t^A € £'(A) and the 
constant p / 0. 

The fact that ua G ^(/t^)) ''^At G ^(A) and vx € ^(A) implies the following 

Corollary 4.3. The Type I elementary transformation of yia2 — y20"i +7 based on 
G £{\), Vx G Sip-) brings us back to yia2 — y2<7i + 7. The same way the Type II 
elementary transformation of yia2 — y2<^i + 7 based on vx G ^(A) and —p brings us 
back to yi(T2 - y20'i + 7. 

It can be easily seen that the Type I and II elementary transformations are special 
rank 2 cases of " the concrete interpolation problem for meromorphic bundle maps" 
studied in [2]: For a given array of m constants pi k, m distinct points A* G C 
and vectors Wi G f (A*) define the Type CONINT elementary transformation of 
yi<72 - y20-i + 7 by 

7 = 7 + aiwT^'^w^a2 — a2wT^^w^ai, 

where w = [wi, . . . , Wm\ and — F equals the mxm symmetric matrix with piS along 
the diagonal and K^^y^^ at the (i < j)-th position. Then yia2 — y2Ci + 7 is indeed 
a pfaffian representation of C since y\(T2 — y2'^i + 7 = Z*{y) {yio'2 — y20i + 7) Z{y) 
for 

Z{y) = Id +U' Diagonal [ii (2/1 - Al) + ^2(^2 - A2)] 7^^ ^ F-^ (ticn + t2(T2). 
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An easy exercise in linear algebra shows that 

Z-\y) = Id -ti;r-i Diagonal - A^) + t2(y2 - A^)]:J, ^ (tidi + t2CT2) 

and det Z(y) = detZ~"'^(y) = 1. Observe that the only condition for 7 to exist is 
that r is invertible. 

In Section[7]we will show that any two pfaffian representations of C can be bridged 
by a finite sequence of Type I and Type II elementary transformations. Thus it is 
enough to restrict our study to these two types. 

5. Admissible arrays 

We briefly relate the deflnitions of admissible pairs of points and admissible pairs 
of vectors. Let 

A{xo,Xi,X2) = XiAi + X2A2 + XqAq 

= xia2 - X2(Ti + 2;o7 

be a representation of C with the cokernel £{x). As before, let vx G <?(A), E <?(/^) 
for distinct A, /i G C. We claim that 

KvxUfj, = if and only if v\ {xia2 — X2cri + X07) = for all x G P^. 

Indeed, Ky^u^ = implies v\ ai Uf^ = v\a2U^ = by (fT2]) and moreover v\ju^ = 
by (jlip . The converse is obvious. 

We mention few more implications of the definition of K^^Uf^- 

i) If A,// are admissible points on C then for every vx G £{X) there exists 
exactly one G f (/^) for which K^^^^ = 0. 

ii) For any A and vx G f(A) there exists fi and G Sip-) such that vx,u^ are 
admissible vectors. 

iii) Let vx G £{X)- Given any vector u such that K^^u 7^ there exist at most d 
distinct points fi^ C for which u G <?(/U'') and vx,u are admissible vectors. 

Claim i) is obvious. For ii) recall that Span {Coker j4(//); /u G C} = k'^'^. If /i didn't 
exist it would thus hold v\aiu = v\a2U = for all u G k'^'^. This contradicts 
dim{u^ o"!, o"2}^ = 2d — 2. Claim iii) will follow from (jl2p . For any t £ k 

i , v\ ai tu 
fil = Xi-^^, i = l,2 

we obtain the affine coordinates of . But the defining polynomial of C evaluated 
in {1,^1,^2) has at most d solutions for ^ * ^ . 

Corollary 5.1. For every A G C there are at most finitely many /x that do not form 
an admissible pair of points. 

6. Elementary transformations act on the cokernel bundle of 

representation 

In this section we relate elementary transformations of vector bundles with the 
elementary transformations of pfaffian representations considered in Section HI 

Definition 6.1. Let £^ be a rank 2 vector bundle over a smooth and irreducible C. 
Take an eff'ective reduced divisor Z on C and consider the canonical surjection 

£ k{Z) 0, 



12 



ANITA BUCKLEY 



where k(Z) is a skyscraper sheaf at Z, i.e. rank 1 O^-module. Its kernel is a rank 
2 vector bundle on C called the elementary transformation of £ at Z. We denote 
it by £' = elem^(£^). 

On C it is equivalent to consider: 

(a) Ruled surface tt : S ^ C together with a base-point-free unisecant complete 
linear system \H\; 

(b) Rank 2 vector bundle £ over C for which S = ¥£ and £ = Tr^:Of>£{H); 

(c) Linearly normal scroll R obtained as the image of the birational map (pH ■ 
S ^RCF^ defined by \H\. 

Analogously we can define elementary transformation at a point x £ C on each of 
the above: 

(a) On the ruled surface S we choose a point s € tt~^{x). Denote by B the 
blow-up of S at s. By Castelnuovo theorem we can contract the starting 
fibre 7r~^(x) in B and obtain a new ruled surface tt' : S' C; 

(b) £' is obtained by Definition 16. II as the elementary transformation of £ at the 
divisor x on C; 

(c) Pick a point r = (f)H{s) on the scroll R such that 7r(s) = x. Projection from 
r yields a scroll R' C F^-^. 

Fuentes and Pedreira [9] checked that these definitions are compatible, namely S' = 
¥£' . Moreover, R' is the image of S' under the birational map defined by \H'\, 
where H' = v*{H) — 'k~^{x). Here u : S' ^ S denotes the inverse of the elementary 
transformation of S at s. In particular £' = -k'^O^^i^H'). 

The inverse of an elementary transformation of a ruled surface is again an el- 
ementary transformation: if 5' is elementary transformation of S at s, then S is 
elementary transformation of S' at s', where s' is the contraction of 
(the exceptional divisor of the blow-up) fl (the original fibre 7r~^(x)) € B. 
Up to tensoring line bundles, we can view the elementary transformation of a vector 
bundle in Definition 16.11 at Z = x"^ + ■ ■ ■ + x"^ as an elementary transformation of 
F£ at m points Sj G 7r~^(x*). More precisely, there exists a skyscraper sheaf k{Zy 
that fits into the commutative diagram 

£®Oci-Z) 
is 

(20) £' ^£ ^ k{Z) . 

I 

k{zy 

Here £ ® Oc{—Z) is the following elementary transformation of £' at Z: Take a 
point x € C and free basis {X(,X2}, {Xi^X2\ for f'(x), £{x) respectively. Denote 
by Yi = e{X[) = euXi + e2jX2j i = 1, 2 the image of the morphism e. At every G 
C, i = 1, . . . , m the determinant of e is 0, thus projectively Yi = ^2 = G 7r~^(x*) 
are the points of the blow up of W£. Locally k{Z) = kXi(BkX2 / kYi + kY2., therefore 
k{Z) is whenever e is invertible and is a rank 1 bundle over the points x*. Analo- 
gously g, given by the 2x2 adjoint matrix of e, defines an elementary transformation 
of £' . It is easy to check that it equals £ Oc{—Z). For x* G C, i = 1, . . . , m the 
points of the blow up of "¥£' equal giiX[ + 521^2 ~ 9i2X[ + (722^2- Observe that 
e{giiX[ + g'21-^2) ~ 0- On the level of ruled surfaces and g~^ induce elemen- 
tary transformations oi¥{£ ^Oc{—Z)) = ¥£ and ¥£' that are inverse to each other. 
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In the sequel we establish the explicit relation between elementary transforma- 
tions of pfaffian representations and elementary transformations of the corresponding 
cokernel vector bundles. We use the notation of Definition 14.21 Again we work in 
projective coordinates x = {xq,xi,X2) in P^. 

Theorem 6.2. Let C he defined by F = Pl(xia2 — X2(Ji + X07) and let x\a2 — 
X2(Ti + xo7, xia2 — X20\ + xo7 he elementary transformations of Type I and II 
respectively. Denote by £{x),£{x),£{x) the corresponding cokernels that are rank 
2 vector bundles over C. The relating morphisms in the below diagrams can be 
expressed by elementary transformations of vector bundles, 

£ £ 



5T ii* i 

£' and Q 



i 

£" 

T 



£ £ 

Proof. For any parameters ti,t2 let T{x), S{x) and P{x), R{x) and Q{x) be matrices 
with rational elements 

T{x) = Id+- , ^ V w ^ r^ih^Ti + t2a2)u^vi, 

Kvxu^, {h{Xi - XiXq) + t2[X2 - A2X0)) 

S{x) = Id+— — — — rrU^,v\{ticri + t2(T2), 

^vxu^ [tl{Xl - XlXo) + t2{X2 - A2X0)) 



R{x) = Id +— — — — + t2cr2)vxu[ 

Kv^u^ {tl{Xi - mxo) + t2[X2 - fJ.2Xo)) 



and Q{x) = Id+— r t^^tt ^ ^vxv{{tiai + t2a2). 

ti{xi - XiXo) + t2{X2 - A2X0) 

We will prove that S{x)P{x) maps £{x) into £{x) and Q{x) maps £{x) into £{x). 

First consider Type I transformations. Observe that for x different from A and 
fj. (fT2|) implies 

P{x)T\x) = T\x)P{x) = Id and 
S\x)R{x) = R{x)S\x) = Id, 
Using this, p3]) rewrites into 

T{x){xia2 - X2ai + xoj)T^{x) = S^{x){xia2 - X2(Ti + xqj)S{x), 
or equivalently 

(21) R{x)T {x){xi(T2 - X2(Ti + X07) = (Xicr2 - X2Cri + xq^)S{x)P{x). 

Therefore 

(22) £{x)R{x)T{x) <^£{x) and S{x)P{x) £{x) <Z £{x). 

Transposing ()2ip and multiplying by the inverse matrices yields the reverse inclu- 
sions. This means that the rational matrix function S{x)P{x) maps the vector 
bundle corresponding to the starting representation to the cokernel bundle of the 
new representation of Type I. 

Similarly, M + ,^(^^_;,^4+°2(a:2-A2xo) (^1^1 + i2<y2)vxv{ is the inverse of Q\x) for 
X 7^ A. For Type II elementary transformations, (jlSp becomes 

(5*(x)"^(xiCr2 - X2Cri + X07) = (X1CT2 - X2CT1 + xo7)Q(x) 
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and 

(23) Q{x)£{x) =8{x). 

Thus the rational matrix function Q{x) maps £{x) to the cokernel bundle £{x) of 
the representation obtained by the Type II transformation. 

An attentive reader will notice that matrices S{x),T{x), P{x), R{x),Q{x) also 
depend on parameters ti,t2- But for x such that ti{xi — XiXq) + t2{x2 — X2X0) 7^ 
0, ti{xi — /iixo) + t2{x2 — 1^2X0) 7^ and for every e{x) € £{x), e{x) € £{x), e{x) G 
£{x) the following vectors 

P{x)e{x), e*(x)T(x), S{x)e{x), e\x)R{x) and Q{x)e{x), Q-^{x)e{x) 

are independent of ti,t2- This is an immediate corollary of ([TO]) . ([T71) and (fT9l) since 

= u^^{xia2- X2cri+ xo-f)e{x) = u^^{{xi - tiiXo)cr2 - ix2 - tJ-2Xo)cri)e{x), 

= e*(x)(xifT2 - X2fTl + Xo^)Ufj. = e\x) {{xi - AlXo)<T2 - (X2 - A2Xo)fTl) n^, 

= u^(xi(j2 - X2fTi + xo7)e(x) = ((xi - AiXo)fT2 - (x2 - A2Xo)fTi)e(x), 
= i\x){xia2 - X2cri+ xo^)vx = e\x) {{xi - fiiXo)a2 - {X2 - ti2Xo)cri)vx 
and = u^(xi(T2 - X2(Ti + xo7)e(x) = ((xi - AiXo)(T2 - (x2 - A2Xo)(Ti) e(x). 

Hence P{x),R{x), S{x),T{x) and Q(x) do not depend on ti,t2 when restricted to 
£{x), £{x) and ^(x) respectively. Moreover, by using (fT2]) for the admissible pair of 
vectors v\ E £{X) n G l~l ^('^)) we get 

(24) P(A)t;A = 0, v\T{^J) = f), u'^R{\) = 0, 5(/u)n^ = 0. 

Next we analyse how elementary transformations act on rational sections of the 
cokernel bundles. Let q{x) be a rational section of £{x). This is a 2d— tuple of 
rational functions along C with the property q{x) G f (x). For example, by ([SD it 
can be obtained by dividing a column in the adjoint matrix of the representation by 
a degree d — 1 polynomial. Then by ([22|) and (p3]) 

(25) g(x) = S{x)P{x) q{x) and ^(x) = Q{x) q{x) 

are rational sections of £'(x) and £{x) respectively. Additionally, denote by q'{x) = 
P{x) q{x) = i?*(x) q{x) sections in the auxiliary bundle £'{x) = P{x) £{x) = i?*(x) £{x). 
Proposition 16.31 will discuss the order of these rational sections at various points on 
C . This will describe P, S and Q in terms of elementary transformations of vector 
bundles considered in ([20|) . In other words, 

• P at A equals the morphism in the diagram 

£'®Oc{-\) 

i 

£ ^£' ^ k{\). 

£' ^ C'c'(— A) (the induced elementary transformation of £ at A) is by ([24l) 
obtained through the blow-up of € P£'(A); 

• P at /U equals the elementary transformation £ at fi in the diagram 

£^Oc{-i^) 
i 

£'^£ ^ k{fi). 

Again by (f24l) . £ (g) Oc{—fj) is obtained through the blow-up of v\ € P£''(/i). 
The same way S consists of the following. 
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at A equals the elementary transformation of 8' at A in the diagram 
8' ® Oc{-\) 



i 
8 



8' k{X)^, 



where 8' (8" Oci—X) is obtained through the blow-up of € F8{X); 
5 at /i equals the morphism in the diagram 

8 0Oc{-f^) 



i 

8' ^8 



where 8 ® Oc{—^j) is obtained through the blow-up of € Pi£^'(/u). 

On the other hand, Q and are described by the following diagram of elementary 
transformations at A G PicC 

8®Oc{-X) 8®Oc{-\) 
\ / 

k{\)' < — 8 < — 8" — >8 — > k{\), 

where 8" is an elementary transformation of both 8 and 8. This will conclude the 
proof of Theorem I6.2[ □ 





C 



Figure 1 . Elementary transformations of Type I and II 



Proposition 6.3. Let q(x) be a rational section of 8{x) and o^{q) its order at ^ and 
let q{x), q{x), q'{x) he sections of 8{x), 8{x), 8'{x) respectively. 

If ^ is different from A and fj, then o^{q) = o^{q') = og(g) = o^{q). 

If ^ = X then: 

0\{q') = Ox{q) + 1 iff q at X passes through v\, else 0\{q) = o\{q'); 
o\{q') = ox{q) + 1 iff q at X passes through u^, else ox{q) = ox[q'); 
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o\iq) = 0\{q) iff q and q at X both pass through v\, else either 0\{q) = o\{q) + 1 or 
o\{q) = ox{q) + 1 . 
If ^ = then: 

Ofiiq) = o^{q') + 1 iff q' at ji passes through vx, else o^{q) = o^iq'); 
OiJiiq) = o^{q') + 1 iff q' at ji passes through u^, else Ofj,{q) = o^{q'). 



Proof. Pick a local parameter i at ^ = (^0)^1)^2) G C and expand x and q{x) into 

9x0 ' 



the power series with center ^. We can assume that = 1 and = 0. Thus 



/ dF dF 

xit) = + + + + (0 + .. 

q{x) = Cot° + Co+if^^ + • • • , 

where o = o^{q) and • • • denote higher order terms. By definition Co 7^ 0. Since 
(xi(T2 — X20'i + X07) q{x) = for all 2; € C, in terms of the local parameter t we get 
t° liCi + ■ ■ ■)(J2 - {^2 + ■ ■ ■)(Ji + i^o + ■ ■ ■ h) (co + Co+it + •••) = which implies 

Co G £(0- 

Analogously we expand 

q'{x) = Co't°' -\ , q{x) = Cot" H , q{x) = Cgt" H , 

where o' = o^{q'), o = o^{q), o = o^{q) and Cq € £{£,)i Co £ £{0- 

Let ^ X,fi. Then S{x),P{x) and Q(x) are defined at ^ and can be expanded 
along t. Thus (f25]) gives 



q'ix) = P{0 Co t° + • • • , qix) = Si()P{0 Cot° + --- and q{x) = Q(0 Co t° + • • • . 

This proves o' > o, o > o and > o. The power series for q'{x), q{x), q{x) and 
q{x) = T*'{x)q'{x), q{x) = T*R*[x){x) q{x), q{x) = Q{x)~^q{x) analogously imply 
> o', > 0, > 0. 

Let now = A. P{x) and R{x) are defined at A since A 7^ /x. By the considerations 
in the proof of (j24p we notice that P(A) Cq = if and only if Cq is a multiple 
of and that i?*(A)co = if and only if multiple of u^. Like above, 

q'(x) = P{X)Cot° + ■ ■ ■ implies 0' > 0. Moreover, strict inequality holds iff Co is a 
multiple of vx (i-e., g at A passes through vx)- The same way q'{x) = -R*(A) Cot° + - ■ ■ 
implies 0' > and strict inequality holds iff g at A passes through u^. 
Recall that A = (l,Ai,A2) is a regular point on C, therefore one of ^-(A), ^-(A) 
must be nonzero. Then 

T{x) = Id+ — ^- — ^{ticri+t2a2)ui,vi, 

tK.^u, Oi(C(A) + ---)+i2(C(A) + •••)) 

S{x) = Id+ — i — ^u^,v{{tlal + t2a2) 

imply 

q{x) = T\x) q'{x) = j — ——^ — ^ uau^ {tiai + ^20-2) Co' t°'~'^ + 



q(x) = S{x) q'{x) = ^ T ^M^A (^lO"! + i2cr2) Co' t°'~^ + 



ELEMENTARY TRANSFORMATIONS OF PFAFFIAN REPRESENTATIONS OF PLANE CURVEE7 



This proves o > o' — 1 and o > o' — 1. 
The same arguments apply to 

q{x) = Q{x) q{x) 
q{x) = Q(x)~^ q{x) 

This proves o > o — 1 and o > o — 1. Observe also that at least one of q,q passes 
through v\, which is equivalent to Cq or Cq being a multiple of vx. More precisely, 
o = o iff g and g at A both pass through v\, d = o — 1 iS Co ^ vx £ F£ and o = o — 1 
iff Coy^vxe F£. 

It remains to consider the point ^ = /x. Since T*(x) and S{x) are defined at /i, 
q{x) = T^{x) q'{x) and q{x) = S{x) q'{x) imply o > o' and o > o'. Moreover, by (p^ 
o > o' iff q' passes through vx and o > o' iff q' passes through u^. Since P{x) 
and have poles at yu, q'{x) = P{x)q{x) = R^{x)q{x) imply o' > o — 1 and 

o' > o - 1. □ 



2p 



-2p 



*ig(A) + t2ir(A) 



dF 



Vxv\{tiai + t2(T2) Co t° ^ + , 
Vxv\{tl(Ti + t2(72) Co t°-^ + ■■■ . 



7. PfAFFIANS ARISING FROM DECOMPOSABLE VECTOR BUNDLES 

The Kummer variety ICc of C is by definition the quotient of the Jacobian JC 
by the involution C ^ C'^ ^ Odd - 3). It is standard [14J, that Mc(2, Odd - 3)) 
is singular along the Kummer variety. 

In O Section 5] we established a one to one correspondence between decomposable 
vector bundles in Md2,Odd — 3)) \ Q2,Oc{d-3) the open subset of Kummer 
variety /Cc \ W, where W = {line bundles of degree ^d{d — 3) with no sections}. 
On the other hand, the cokernel £" of a pfaffian representation is decomposable if 
and only if it is of the form 

£ ^ Coker M ((Coker M)"^ Odd - 1)) 

for M a determinantal representation of C. The line bundle Coker M is of degree 
^d{d - 1) with i7°(C, Coker M (g) Od-1)) = and £ is the cokernel of the decom- 
posable matrix 

" M ' 
-M* • 

Denote C = Coker M(8)C'c(-l) and Ct = Coker M*(g)C'c'(-l) that both have degree 
3). Then 

C®Ct £ Md2,Odd-3))\e2,Ocid-3) 

and by the above 

Ct = C-^ (SOdd-3), 

which explains the involution on the Kummer variety. The involution appears, 
because in general M and Af * are not equivalent determinantal representations, but 



" M ■ 


and 


" M* ■ 




" Id ■ 




" M ■ 




" - Id " 


-M* 


-M 




-Id 




-M* 




Id 



are equivalent pfaffian representations. 

The proof of Theorem 16.21 and |241 Theorem 4] imply the following 
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Corollary 7.1. Let £ be the decomposable cokernel of a decomposable pfaffian rep- 
resentation and let D = divCokerM and D' = divCokerM*. Pick an admissible 
array of the form 



V 





G ^(A), 





u 



and perform the Type I elementary transformation. Then 



£ ^ Oc{D) e Oc{D') 
Pi 

£' ^Oc{D + \- p)®Oc{D') 
S[ 

£ ^ Oc{D + A - /i) e Oc{D' + /i - A). 

Example 7.2. Recall the explicit calculation of pfaffian representations in the 
canonical form ([6]) in Remark 12. 3[ Using local parameters and the implicit func- 
tion theorem, it is easy to see that by setting the entries a^^ for 1 < i < j < d 
and d < i < j < 2d m. Aq to zero, represents the singular locus of the space of all 
pfaffian representations of C. Note that these representations are decomposable and 
non-equivalent to each other. Moreover, Vinnikov's explicit parametrisation of de- 
terminantal representations of C proves that these are all the decomposable pfaffian 
representations. 



We will conclude this section by 



Theorem 7.3. From any given pfaffian representation of C we can build all the 
nonequivalent pfaffian representations of C by finite sequences of Type I and Type 
II elementary transformations. 



Proof. A finite sequence of Type I and Type II elementary transformations gives us 
a new pfaffian representation of C that is in general not equivalent to the starting 
one. This follows from Theorem 16.21 since the cokernel bundles £{x), £{x), £{x) are 
in general not isomorphic. On the other hand, the auxiliary bundles £'{x) and £"{x) 
have determinants different to Oc{d — 1) and thus can not be cokernels of pfaffian 
representations. 

Pick the cokernel bundle £ of xi(T2 — X2(Ti + xo7. We will assume that the repre- 
sentation is in the canonical form ([6]). 

In the first step we bridge £ with a decomposable vector bundle by applying a 
finite number of Type II elementary transformations. A finite sequence of m Type II 
elementary transformations by recursion yields a new representation Xia2 — X2cri + 
xo7m, where 

m 

7m = 7 + X] Pi (^2Vxj A (JiVxj . 

i=i 

The above constants pj G k and points A-' G C are arbitrary and G £j-i{X^) : = 
Coker(A{cT2 — Xj^cri + Aq7j_i) with 70 = 7. Since every union {£j{x)}x£C spans the 
whole k'^'^, we can (by suitable choices of Vxi) generate enough independent rank 2 
matrices a2Vxj A aiv^j whose linear combination will yield a decomposable matrix 
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7m. Indeed, 



a2Vxi A (Jivxi 



Vd+nVd+l{Pl-Pn) 





VnVlipl -Pn) 





form a basis for the two diagonal square blocks of 2d x 2d skew-symmetric matrices. 
Here Vi,i = 1, . . . ,2d are the components of v^i and pi,i = 1, . . . ,d are the distinct 
entries in the diagonal matrix D in ui. 

In the second step we bridge any two decomposable cokernel bundles by 
applying a finite number of Type I elementary transformations. We can write 

d£ = Oc{D)®Oc{H -b), 

d£ = Oc{b)®Oc{H-b), 

where H is the divisor of a degree d — 1 polynomial in P^. Let g be the genus of C. 
For general points A^, . . . , € C the Riemann-Roch theorem implies 

Z) - Z> + A^ + • • • + A3 = /x^ + • • • + /i^ 

for some distinct points fj,^, . . . £ C. Vinnikov [24, Theorems 5 and 6] proved 
that the indices of /i*'s can be permuted in such a way that for n = 1, . . . , g every 



i£n := Oc i b + ^X' - ^i' ] ® Oc [ H - D + ^ ji^ 



i=l 



i=l 



A* 



is the cokernel bundle of a decomposable pfaffian representation of C. By recursion 
and Corollary 17.11 d^n is obtained from d£n-i by the Type I elementary transfor- 
mation based on 



Vn 









G d£n-l{fJ'^' 



where we put d£o = d£- 

Recall that the inverses of elementary transformations are again elementary trans- 
formations of the same type. This concludes the proof. □ 



8. Plane quartic 

A nonsingular plane quartic C is a non-hyperelliptic genus 3 curve embedded 
by its canonical linear system \Kc\- We parametrised Mc{2,Oc{^)) \ ©2,00(1) 
by pfaffian representations of C. The moduh space Mc(2,C'c(l)) = Mc{2,Oc) 
can be embeded as a Coble quartic hypersurface in with singularities along the 
3-dimensional Kummer variety ICc- For references check |17j, [14j, [4j. 

In this section we establish the connection between two distinguished kinds of 
rank 2 vector bundles on C, namely decomposable bundles corresponding to even 
theta characteristics and indecomposable Aronhold bundles. 

A theta characteristic of C is a line bundle £^ with the property 

Cf ^u;c = Oc{l). 

A theta characteristic is called even (odd) if dim H^{C, C^) is even (odd). By ^ 
there are exactly 36 even theta characteristics on a smooth plane quartic. Since C is 
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not hyperelliptic no even theta characteristic vanishes, which means H^{C,C^) = 0. 
Therefore 

i?°(C, Ci) e = and det d) ® d) = ojc- 

In our notation 

U®U G Mc(2,Oc(l)) \ 62,0^(1) 
and thus every even theta characteristic induces a decomposable pfaffian represen- 
tation of C. By Section [7] the corresponding pfaffian representations are 

' 

-M^ J ' 

where = CokerM^j ®Oc{-l) and = M^. 

Example 8.1. An easy computation in Wolfram Mathematica shows that, if we 
add CL^ii+j ~ ^^d+i for 1 < i < j < d to the equations describing the decomposable 
representations of Example l7.2l in the canonical form ([6]) , we get exactly 36 solutions. 
As expected, they are the 36 M^. 

These considerations generalise to the following proposition. 

Proposition 8.2. For a line bundle C on a nonsingular plane quartic C with 
H^{C,C) = the following are equivalent: 

• C is an even theta characteristics on C , 

• C = Coker M (8) Ocl"!) where M is a symmetric determinantal representa- 
tion of C with the property Coker M = Coker M* . 

To every symmetric determinantal representation of C one can associate a 
net of quadrics in P^. The base locus of consists of 8 points 61, . . . , 63) called 
the Cayley octad. We refer to [3 Theorem 6.3.2] that biM^bj for distinct i,j = 
1, . . . ,8 define the 28 bitangents to C, arranged in Aronhold sets. A recent result 
by Lehavi [15j shows, that the set of bitangents uniquely determines C. Moreover, 
there is a bijection between the 28 odd theta characteristics C^.. and bitangents. 
Any even theta characteristic different from can be represented by the divisor 
class 

(26) 'ffijki = "^ij + '&ik + - Kc for distinct i, j, k, I. 

Next we define Aronhold bundles on C following [20]. Given J € Pic^ C we 
define the 3-dimensional projective space 
A point in P(j7') defines an isomorphism class of extensions 

— >J — >1C — > ujcJ~^ — > 0. 
On C pick the following data: 

• an even theta characteristic Cq, 

• a line bundle G Pic^ C such that = C^, 

• a base point h of the net of quadrics M^. 

The stable (thus indecomposable) rank 2 bundle with canonical determinant Oc{^) 
defined by the point b G P(c7i?) is called the Aronhold bundle K.^^^. Up to 2-torsion 
points of JC, the bundles ICb^^ are in 1-to-l correspondence with the 288 unordered 
Aronhold sets. 
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We mention a useful characterisation of Aronhold bundles: Let /C be a stable 
noneffective rank 2 vector bundle with canonical determinant. By [13] the set of line 
subbundles of maximal degree has cardinality 8 

{JePic^C : J^IC,i.e. > 0} = {Ji,..., Js}. 

Since /C € P(v7i) for i = 1, . . . , 8, there exist 28 effective divisors Dij of degree 2 
satisfying 

(27) Ji (g) Jj = Oc{Dij) for distinct j = 1, . . . , 8. 

Conversely, K, is uniquely determined by eight line bundles with property ([27|) by [6]. 
Finally, K, is an Aronhold bundle if and only if the 28 effective divisors Dij corre- 
spond to bitangents on C. 

Ottaviani |19j gives a nice description of the Aronhold invariant as a pfaffian which 
we briefly recall. The Aronhold invariant of plane cubics is a quartic equation of 
(73(P^, Op2(3)), which deals with the condition to express an equation of a plane 
cubic as the sum of three cubes. Here 

cr3(P^, Op2(3)) = Zariski closure {g\ + 92+ 9^ '■, 9i linear forms} 

denotes the 3-secant of the Veronese variety. Explicitly, the Aronhild invariant 
evaluated in 

WqqqX^ + Wiiiy^ + W222Z'^ + Qwoi2xyz + 
"iWQOiX^y + ?,Wqq2X^Z + "iWoiiXy^ + 3^022^^-^^ + 3r«ii2y^2: + 2,wi22yz^ 
equals Vi Ar for 



^^^222 


-Wl22 





Wll2 





W022 


-Woi2 





W022 


^^122 


-WQ12 


-W^022 





W002 







-Wll2 





WQ12 


-WQ02 












-Will 





-WQ12 


^^011 











-w^oii 



Wool 

W002 






-Wool 

wooa 





On the other hand recall the Scorza map between plane quartics [8j: 
F I— 5- the Clebsch covariant quartic S{F) 

which is by definition 

F I— 5- polar cubic Px{F) at x G P^ i-^ Aronhold invariant . 

Note that in this notation the coefficients Wijk of the cubic ^.^ are linear in 

xo,xi,X2- By [8l Section 7] the curve S{F) carries a unique even theta characteristic 
1?, more precisely, the Scorza map 

F^{S{F),^) 

is an injective birational isomorphism and the natural projection to the first com- 
ponent is an unramified covering of degree 36. 

Proposition 8.3. From the Aronhold pfaffian representation of S{F) it is possible 
to recover the unique theta characteristic on S{F). 
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Proof. Our main tool will be the Scorza correspondence relating points on S{F). 
On a nonsingular projective curve X of genus g > and a non-effective theta 
characteristic "& we introduce the Scorza correspondence 

:= {(x, y) eX xX : + x-y)>0}. 

Dolgachev [7] proved that for X non-hyperelliptic, are the only symmetric cor- 
respondences of type {g, g) without united points and some valence. Therefore, on 
S{F) there are 36 symmetric correspondences of type (3,3). 

We are able to explicitly determine which points on S{F) are related in two 
essentially different ways: 

(i) from a symmetric determinantal representation of S{F), 

(ii) from an Aronhold pfaffian representation of S(F). 

The two ways which induce the same Scorza correspondence on S{F) will relate the 
Aronhold pfaffian representation with the unique theta characteristic. 

In step (i) we will use M^, the symmetric determinantal representation of S{F) 
from Proposition 18. 2i By definition X, fj, S{F) are NOT R^ related if and only if 
h^{'& + X — fi) = 0. This means that Os{F)i^ + X — ii)(BOs{f){'& + fJ- — X) has canonical 
determinant and no sections. Therefore, after tensoring by Os(^p-j{l), it equals the 
cokernel of another decomposable pfaffian representation of S{F). By Corollary 17.11 
it is obtained from 

{C^ ®C^)(g> (1) = Coker Coker 

by the Type I elementary transformation based on the admissible vectors 





V 





where v £ Coker M^(A), u € Coker M^(/i). 



The definition of admissible vectors (jl2p thus proves that A i?^ /i if and only if 

M^{x) u = for all v G Coker M^(A), u £ Coker M^(/i), x £ F^. 

Step (ii): Given an Aronhold pfaffian representation (j28|) . we can retrieve F{x, y, z) 
from Wjjfc(xo, xi, X2) by integrating 

dF , , dF , , dF , 
Pixo,xi,x2){F) = xo — {x,y,z) + xi — [x,y,z) + X2-^{x,y, z). 

The definition of the Aronhold invariant implies that, for any A G S{F) there exist 
linear forms gi,g2,g3 such that Px{F) = gf + g2 + di- This defines another (3,3) 
correspondence without united points on S{F), which must by the above equal 
to some R,ff: A,/i G S{F) are related if the second polar Px^fj,{F) = gf for some 
i = 1,2,3. Obviously equals one of the vertices of the polar triangle spanned 
by the lines 51,52,53- In [8\ Theorem 7.8] Dolgachev and Kanev gave a beautiful 
construction of F from the polar triangles in S{F) and thus reconstructed F from 
(5(F), ^?). □ 

Remark 8.4. Pauly's construction [20|, §4.2] assigns to every stable noneffective /C 
with canonical determinant a net of quadrics whose bitangents correspond to Dij 
in (j27p . This gives another proof of Proposition 18.31 since the Aronhold bundle /C^^^ 
induces exactly the net of quadrics M^. We are however not able to implement this 
construction explicitly. 

Corollary 8.5. Denote by R^{X) the polar triangle to A G S{F). By [8], i?^(A) - A 
equals the divisor class of C§ and is thus independent of A. Then all the symmetric 
determinantal representations of S{F) can be obtained from by a sequence of 
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three Type I elementary transformations, by applying the second part of Proof [713] 
on the divisor 'dijki - -& = R^^ .^^{X) - A - R^{X) + A = i?tf^^^,(A) - R^{\). 

Example 8.6. The Scorza map sends F = + x^y — — yz^ + lOJ^^^xy'^z to 

S{F) = Pi[Ar] = 27x^X1 - 432xoxf - xf - 72 lOT^/^^gxiXa- 

9 107^/3xoxfx2 + 81 107-^/^x^x1 - 108xox| - 27xixi 

for Ar defined in (|28|) with 

wooo = 4x0 + xi, -wool = xo, Won = 1/3x2, -Will = -4x1, "^002 = 0, 
1(^012 = 1/3x1, ■u;ii2 = 1/3x0, ■^022 = 0, i^m = -X2, ■^222 = -xi- 

Following the proof of Proposition 18.31 we will compute the unique theta charac- 
teristic on S{F). We calculate in Wolfram Mathematica to precision lO"^'^. For 
A = (1,0, 1 107-1/3) e SiF) we get PxiF) =gl + gl + gl for 

gi = (4x + y)(-0.198' - 0.344'i), 

52 = (0.002' - 2.089'i)y + (-0.181' + 0.104'i)z, 

53 = (0.002' + 2.089'i)y + (-0.181' - 0.104'i)z, 

which is explicitly obtained from the equality detHess {P\{F)) = gig2g?,- The inter- 
sections 

^^^=92^9z = (1,0,0), 
^2 = (,1 n 33 = (1, -4, -20.034' + 34.609'i), 
= g-^ng2 = (1, -4, -20.034' - 34.609'z) 

determine the polar triangle -R(A) of A. This proves that A is in relation with /i^, ^u^ 
and /i'^ on S{F). 

On the other hand it is easy to compute all the 36 symmetric determinantal 
representations of S{F). For example, for 

= xi Id4 -X2 Diag [0 -3,3{-i)i/3 _3(_i)2/3] + 

4 -24.296' 23.685'+0.336'i -23.685'+0.336'j 

i28_-^Q7i/3 _l4l,449'+2.004'i 141.449'+2.004'i 
428 _io7l/3(_i)2/3 -145.099' 

428 _^107l/3(_i)l/3 

we have 

Vx = [-0.006-0.009i,-0. 335-0.482i,-0.571+0.04j, -0.236+0. 521j]* E CokerM^(A), 
V^i = [0,-0.543-0.164i ,-0.419+0.404i,0.124+0.569j]* S Cokei M^{lJ.^) , 
V^2 = [0.602-0.73j,-0.186-0.025j, -0.124+0. 147j,0.062+0.172i]* £ CokerM^(^^), 
= [0.613+0.72j,-0.185+0.028j,-0.059+0.173j,0.127+0.145i]* E Cokei M^{^^). 

We check that 

M^(xo, xi, X2) v^i = for any (xq, xi, X2) € P^, i = 1,2,3. 

This proves that the corresponding is the unique theta characteristic on S{F) 
that we were looking for. 

This is a counterexample to Ottaviani's conjecture |19[ Remark 2.3] that there 
exists an unique even characteristic on S{F) for which 

/i°(Coker^r ® Os{f){-'^) «> C^^) > 0. 

Indeed, if Cokev Ar^Os(^p^{—l)^£^^ is effective, it is not stable since it has trivial 
determinant. Then CokerAr is also not stable and thus isomorphic to a direct 
sum of two line bundles. This is in contradiction with Ar being an indecomposable 
representation of S{F). 
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